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Variational bounds for integration

/f(@)d& > /g(&)d@
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Integrate out parameters in order to:

* select hyperparameters
(MacKay, 1995)

* select size of model
(Attias, 1999)

* predict or classify new data
(Waterhouse et al, 1996) (Jaakkola and Jordan, 1999)

remove nuisance parameters
(this talk)



Outline

EM as a variational bounding method

Reversing EM to perform integration

Faster EM -> Better bounds

Language modeling example



The EM Algorithm

p(YIX)
New
Objective guess
function

Current
guess

Lower bound Linear

approx.

E-step:  Fit lower bound at current theta

M-step: Maximize the bound over theta
(Guaranteed to improve theta)



EM for mixture weights

Maximize over w:

p(zi.anw) = [ [ (@)w + pa(2:) (1 - w))
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The bound:
plzlw) = pi(@)w + po(x)(1 — w)
pi(@)w\? (pa()(1—w)\' 7 ,
(22 (2552) " ot
E _ g = p1(zi)w
Steps G Ew + pa(an) (L — w)
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Reversing EM to maximize bound area

Want to compute
p(ry.xy) = /Hp(:cz|w)dw

> [ T gwilw g)dw = gr1-axia)

Maximize the bound area with EM
(maximize over q with w hidden)

E-step:  plwlg, D) ~ Bla,as)
ap = 1+ZQ¢

Qg = 1+N—ZQi

M-step: ¢ =
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Faster EM -> Better integral approximation

Faster EM -> less curved bound (Dempster et al, 1977)
-> greater bound area

Fast EM algs now known for:
* Mixture weights (Pilla & Lindsay, 1996)
* Student T estimation (Meng & van Dyk, 1997)
* Poisson imaging model
* Random effects regression (Liu, Rubin, Wu, 1998)
* Factor analysis
* Probit regression



Pilla & Lindsay’s algorithm

qgi1 =

Gio —

The bound:
p(xlw) =
>
or
E-step: 9
qi1

M-step:

(p1(z) — p2(2))w + pao(x)

(1) — pg(aj))w>q1 (m(x) >1q1

A l—q
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(p2(:) — pr (@) (1 — w)
pr(zi)w + pa(z;)(1 — w)

2.i Qi1

w =
Zi Qil —|_ ZZ QZQ



p(x | w)

p(x | w)

EM bound for single x
0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Fast EM bound for single x
0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05




Reverse of Pilla & Lindsay’s algorithm

E-step:

M-step:

p(wlg, D) ~ Blay,az)

ap = 1+Z%‘1
Qo = 1+Z%‘2

(p1(z;) — p2(zi))w;
p1(x;)w; + pa(x;) (1 — w;)
= 0
= exp(¥(a1) — ¥(a1 + az))

or

= 0
_ (pa(mi) —pa () (1 — wy)
p1(zi)w; + po(z;)(1 — ;)

= 1 —exp(¥(as) — ¥(ag + az))
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Reverse EM vs. Laplace

— Exact

— - Laplace-logistic

-— - Laplace—arcsine
REM2




Language modeling example
(aspect model)

Every document has its own word distribution:

a mixture of fixed multinomials
(Hofmann, 1998)

pl p2

5N

w =1/3 w=1/4 w=1/2

Want to estimate the mixture components
—= mixing weights are nuisance parameters



Simplified model

Two-word case:

p(zlw,p1,p2) = pf(l—p)' " w+pi(l—p2)' (1 —w)

1
p(d=A{z1.xn}p1,p2) = /Hp(afilw,pl,pz)dw
0

Maximize over pl,p2:

p(d..darlpr, p2) = [ [ p(d;lp1, p2)
j

NOT joint maximum of (p1, p2, wl, ..., wM)
(Hofmann)



Case 1l

M = 30 docs, N = 50 words/doc
True pl =1/4 p2 fixed at 1/2
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p(D | pl, p2)
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Case 2

M = 20 docs, N = 50 words/doc

True pl =1/2

p(D | pl, p2)
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